The merger of two neutron stars leaves behind a rapidly spinning hypermassive object whose survival is believed to depend on the maximum mass supported by the nuclear equation of state, angular momentum redistribution by (magneto-)rotational instabilities, and spindown by gravitational waves. The high temperatures (∼5 − 40 MeV) prevailing in the merger remnant may provide thermal pressure support that could increase its maximum mass and, thus, its life on a neutrino-cooling timescale. We investigate the role of thermal pressure support in hypermassive merger remnants by computing sequences of spherically-symmetric and axisymmetric uniformly and differentially rotating equilibrium solutions to the general-relativistic stellar structure equations. Using a set of finite-temperature nuclear equations of state, we find that hot maximum-mass critically spinning configurations generally do not support larger baryonic masses than their cold counterparts. However, subcritically spinning configurations with mean density of less than a few times nuclear saturation density yield a significantly thermally enhanced mass. Even without decreasing the maximum mass, cooling and other forms of energy loss can drive the remnant to an unstable state. We infer secular instability by identifying approximate energy turning points in equilibrium sequences of constant baryonic mass parametrized by maximum density. Energy loss carries the remnant along the direction of decreasing gravitational mass and higher density until instability triggers collapse. Since configurations with more thermal pressure support are less compact and thus begin their evolution at a lower maximum density, they remain stable for longer periods after merger.
INTRODUCTION
Coalescing double neutron stars (NSs) are prime candidate progenitors of short-hard gamma-ray bursts (GRBs, e.g., Nakar 2007 and references therein). The strong gravitational wave emission driving the coalescence makes NSNS systems the primary targets of the network of second-generation gravitational-wave interferometers currently under construction (Advanced LIGO [Harry ( for the LIGO Scientific Collaboration) 2010], Advanced Virgo [Accadia et al. (Virgo Collaboration) 2011], and KAGRA [Somiya ( for the KAGRA collaboration) 2012]).
Until the last moments of inspiral, the constituent NSs may essentially be treated as cold neutron stars. Tidal heating is mild and the NS crust may not fail until the NSs touch (Penner et al. 2012 , but see Tsang et al. 2012 and Weinberg et al. 2013) . Merger results in the formation of a shocked, extremely rapidly differentially spinning central object, commonly referred to as a hypermassive NS (HMNS), since it comprises the vast majority of the baryonic mass of the two premerger NSs and is thus expected to be more massive than the maximum mass supported by the nuclear equation of state (EOS) in the spherical and uniformly rotating limits limit (see, e.g., Faber & Rasio 2012 for a review of NSNS mergers). The subsequent evolution of the HMNS has important ramifications for gravitational wave emission and the possible transition to a short-hard GRB. If the HMNS survives for an extended period, nonaxisymmetric rotational instability may enhance the high-frequency gravitational-wave emission, possibly allowing gravitational-wave observers to constrain the nuclear EOS (e.g., Bauswein et al. 2012) . On the other hand, the neutrino-driven wind blown off a surviving HMNS, producing mass loss at a rate of order 10 −4 M s −1 , will lead to strong baryon loading in polar regions (Dessart et al. 2009 ), making the formation of the relativistic outflows needed for a GRB more difficult, even if a black hole with an accretion disk forms eventually. If the HMNS collapses to a black hole within milliseconds of merger, baryon loading will not hamper a GRB, but strong gravitational-wave and neutrino emission would be shut off rapidly.
The long-term survival of the HMNS depends sensitively on the maximum mass of a nonrotating cold neutron star supported by the nuclear EOS, which most certainly is above ∼ 2 M (Demorest et al. 2010; Antoniadis et al. 2013 ) and very likely below ∼ 3.2 M (Lattimer & Prakash 2007) . At its formation, the HMNS is rapidly and strongly differentially rotating. Extreme differential rotation alone may increase the maximum HMNS mass by more than 100% (e.g., Baumgarte et al. 2000) . Angular momentum redistribution by (magneto-)rotational instabilities and spindown by gravitational wave emission are expected to remove this additional support. This will ultimately lead to black hole formation if the HMNS mass is above the maximum mass that can be supported by the nu-clear EOS and uniform rotation ( 20% greater than the maximum in the nonrotating limit; Baumgarte et al. 2000) .
Recently, Sekiguchi et al. (2011) , Paschalidis et al. (2012) , Bauswein et al. (2010) , and, in earlier work, Baiotti et al. (2008) , have argued that thermal pressure support at moderately high temperatures of ∼ 5 − 40 MeV (Oechslin et al. 2007; Sekiguchi et al. 2011 ) may significantly influence the structure and evolution of the postmerger HMNS and prolong its lifetime until collapse to a black hole. If true, the HMNS may survive on the neutrino cooling timescale provided that the combined premerger mass of the NSs is sufficiently close to the thermally-enhanced maximum HMNS mass. These authors estimate the neutrino cooling timescale to be comparable to or longer than the timescale for angular momentum redistribution and spindown by gravitational waves.
The focus of this paper is on the role of thermal pressure support in hypermassive NS merger remnants. Postmerger HMNS configurations that survive for multiple dynamical times quickly assume dynamical equilibrium and, after the extremely dynamic merger phase, show only mild deviation from axisymmetry (e.g., Sekiguchi et al. 2011; Shibata et al. 2005) . Hence, instead of performing computationally expensive full merger simulations, we investigate the role of thermal effects by approximating HMNS configurations as sequences of rotational equilibrium solutions, which we compute with the relativistic self-consistent field method (Komatsu et al. 1989a,b; Cook et al. 1992 ). We consider the spherical limit (Tolman-Oppenheimer-Volkoff [TOV] solutions), uniform, and differential rotation. We employ multiple finite-temperature microphysical nuclear EOS and, since the equilibrium solver requires a barotropic equation of state, a range of temperature and composition parametrizations that are motivated by the merger simulations of Sekiguchi et al. (2011) . An overall similar approach, though only considering isothermal and isentropic configurations, has been used in the past to study thermal effects on uniformly and differentially rotating proto-neutron stars (Goussard et al. 1997 (Goussard et al. , 1998 .
The key quantity relevant in the secular evolution of HMNSs is the baryonic mass (M b ; also called "rest mass") that can be supported by a given combination of EOS, thermal/compositional structure, and rotational setup. The gravitational mass (M g ) is not conserved and is reduced by cooling and angular momentum loss. Our results show that the maximum baryonic mass of TOV, uniformly rotating, and differentially rotating configurations is essentially unaffected by thermal pressure support. Thermal pressure support is negligible at supranuclear densities and becomes significant only at densities below nuclear saturation density. Since maximummass configurations always have maximum and mean densities above nuclear, thermal pressure support is minimal. The thermal contribution to the stress-energy tensor (which sources curvature) may, depending on the EOS, even lead to a net decrease of the M max b with increasing temperature.
We find thermal enhancement of M b for configurations with mean densities less than a few times nuclear saturation density that are nonrotating or rotating subcritically (i.e., below the mass-shedding limit). A hot configuration in this regime will support the same baryonic mass at a lower mean (and maximum) density. However, hot rotating configurations are spatially more extended than their cold counterparts, and thus reach mass shedding at lower angular velocities. This counteracts the thermal enhancement and results in M max b that are within a few percent of cold configurations.
The secular evolution of a HMNS towards collapse is driven by energy losses to gravitational waves and neutrinos, and, potentially, by loss of angular momentum transported to the surface by processes such as the MRI. It proceeds along trajectories of constant (or nearly constant) baryonic mass and in the direction of decreasing total energy (i.e., gravitational mass M g ) and increasing maximum baryon density ρ b,max (i.e., more compact configurations). We conjecture, based on established results of the theory of rotating relativistic stars (Friedman & Stergioulas 2013) , that instability to collapse occurs when the configuration reaches an unstable part of the parameter space and not necessarily because the maximum supportable baryonic mass M max b drops below M b . We formalize this via an approximate variant of the turning-point theorem (e.g., Sorkin 1982; Friedman & Stergioulas 2013) : The turning-point theorem states that for uniformly rotating neutron stars, a local extremum in M g at fixed angular momentum, entropy, and baryonic mass constitutes a point at which secular instability to collapse must set in. We argue that the turning point theorem carries over to differentially rotating hot HMNSs. The precise turning points become approximate and are distributed over a narrow range of ρ b,max and M g for all degrees of differential rotation and temperature prescriptions that we consider here. The regime of instability is thus largely independent of HMNS temperature. However, a hotter configuration will be less compact initially and, hence, will begin its secular evolution to its turning point at a lower ρ b,max than a colder one. It will thus have to evolve further until it reaches its turning point and, at a fixed rate of energy loss, will survive for longer. This paper is structured as follows. In §2, we introduce the set of EOS we employ and discuss the relative importance of thermal pressure as a function of density. We also introduce the temperature and composition parametrizations and the methods used for constructing equilibrium models without and with rotation. In §3, we lay out our results for nonrotating NSs and then discuss uniformly and differentially rotating configurations in §4.1 and §4.2, respectively. We consider evolutionary sequences of HMNSs at constant baryonic mass in the context of an approximate turning point theorem and compare with results from recent merger simulations in §5. Finally, in §6, we summarize our results and conclude.
METHODS AND EQUATIONS OF STATE

Equations of State
We use a set of 8 EOS in this study. All EOS produce cold neutron stars in β-equilibrium that can have gravitational masses M g above 2 M . These include two EOS from Lattimer & Swesty (1991) , the K 0 = 220 MeV and K 0 = 375 MeV variants (where K 0 is the nuclear compressibility modulus), denoted LS220 and LS375; the relativistic mean field (RMF) model EOS from Shen et al. (2011c) , denoted HShen; two RMF models based on the NL3 and the FSUGold parameter set (Shen et al. 2011b,a) Figure 1 . Individual pressure contributions of baryons, electrons/positrons, photons, and trapped neutrinos and the total pressure as a function of baryon density in the LS220 EOS for ν-full β-equilibrium as described in the text and T = 0.5 MeV (dashed lines) and T = 20 MeV (solid lines). The qualitative and quantitative behavior of the LS220 EOS with increasing temperature is representative for all EOS considered in this study. Note that the baryon pressure becomes negative at ρ b 10 12 g cm −3 , and dips around 10 13.5 g cm −3 due to Coulomb effects at low temperatures (Lattimer & Swesty 1991). fit to astrophysical measurements of neutron star masses and radii (Steiner et al. 2013) , denoted SFHo and SFHx. All of these EOS are available in a common format for download from http://www.stellarcollapse.org.
The EOS of finite-temperature nuclear matter in nuclear statistical equilibrium (NSE) has contributions from a baryonic component (nucleons and nuclei), a relativistic electron/positron Fermi gas, a photon gas, and, if neutrinos are trapped, a neutrino gas. The Helmholtz free energies of these components add linearly, and the pressure is then the sum of the partial pressures and a function of baryon density ρ, temperature T and electron fraction Y e , P = P baryon + P e + P γ + P ν .
(
While P baryon varies between the employed EOS, we add P e and P γ using the Timmes EOS (Timmes & Arnett 1999) available from http://cococubed.asu.edu. In hot HMNSs, like in protoneutron stars, neutrinos are trapped and in equilibrium with matter. We include their pressure contribution to the EOS by treating them as a non-interacting relativistic Fermi gas with chemical potential µ νi . For a single species of neutrinos and antineutrinos, the neutrino pressure in equilibrium is
where η νi = µ νi /(k B T ) is the neutrino degeneracy parameter. For HMNS conditions, all neutrino species are present, but ν µ and ν τ have µ νi = 0, since they appear only in particleanti-particle pairs that have equal and opposite chemical potentials. For electron neutrinos we use µ νe = µ e + µ p − µ n , for electron antineutrinos we use µν e = −µ νe . We include an attenuation factor exp(−ρ trap /ρ) to account for the fact that neutrinos decouple from matter at low densities. We set ρ trap = 10 12.5 g cm −3 , which is a fiducial trapping density for protoneutron stars (e.g., Liebendörfer 2005) . Taking the exact expression for the difference of the Fermi integrals from Bludman & van Riper (1978) , we have the total neutrino pressure summed over all three species,
We note that due to the neutrino statistical weight g = 1, for a single species of relativistic non-degenerate ν −ν pairs, the pressure is a factor of two lower than for e − − e + pairs, since e − and e + have statistical weight (spin degeneracy) 2. Figure 1 illustrates the contributions of the partial pressures to the total pressure as a function of baryon density ρ b for neutron-rich HMNS matter at two temperatures, 0.5 MeV (a representative "cold" temperature) and 20 MeV (a representative "hot" temperature for HMNSs). For the 0.5 MeV EOS, we set the electron fraction Y e by solving for ν-less β-equilibrium (µ νe = 0). The resulting EOS describes ordinary cold neutron stars (at 0.5 MeV any thermal effects are negligible). For the 20 MeV case, we solve for Y e by assuming ν-full β-equilibrium. We do so by making the assumption that any neutrinos produced during the merger are immediately trapped in the HMNS core, but stream away from regions below trapping density. The procedure is discussed in the next section 2.2 and detailed in Appendix B.
Near and above nuclear saturation density, ρ nuc 2.6 × 10 14 g cm −3 for the LS220 EOS, the baryon pressure is due to the repulsive core of the nuclear force and dominates in both cold and hot regimes. The thermal enhancement above ρ nuc remains small even at 20 MeV. In the cold case, relativistically degenerate electrons (Γ = (d ln P)(d ln ρ) −1 = 4/3) dominate below ρ nuc . At 20 MeV, relativistic non-degenerate electron/positron pairs and photons (for both, P ∝ T 4 , independent of ρ b ; see, e.g., van Riper & Bludman 1977) are the primary contributors at low densities, while the baryon pressure is significantly thermally enhanced below nuclear saturation density and dominates above ∼10 12 g cm −3 . The neutrino pressure is comparable to the degenerate electron pressure between ∼10 12.5 − 10 14 g cm −3 , but still subdominant to the nuclear component. The contribution of pairs and photons gradually becomes more important at all densities as the temperature increases. We note that for T = 0.5 MeV, the neutrino chemical potentials are all zero and the pressure of trapped neutrinos is 3 × (7/8) × P γ , thermodynamically insignificant at T = 0.5 MeV.
Temperature and Composition Parametrizations
The hydrostatic and rotational equilibrium equations that we solve in this study assume a barotropic EOS (P = P(ρ)) and do not provide constraints on thermal structure and composition (Y e is the only relevant compositional variable in NSE). We must make some assumptions to be able to proceed and obtain P = P(ρ, T (ρ),Y e (ρ, T (ρ))) for our general finite-temperature microphysical EOS. Old NSs in isolation are nearly isothermal (e.g., Prakash et al. 2001 ) and so are coalescing neutron stars until tidal heating becomes significant (e.g., Kochanek 1992; Lai 1994) . During merger, the NS matter is shock-heated to tens of MeV and results of the few merger simulations that have been carried out with temperature-dependent EOS (e.g., Sekiguchi et al. 2011; Liebendörfer 2003; Ruffert & Janka 2001) indicate that the HMNS is far from being isothermal or isentropic. It has a very hot dense core with T ∼ 20 − 40 MeV surrounded by a lower-density cooler envelope/torus of 5 − 20 MeV, which may also be almost Keplerian and, hence, centrifugally supported. This result appears to be robust for equal-mass or near equal-mass NSNS systems (which may dominate the population; e.g., Lattimer 2012 and references therein). Mergers of non-equal mass systems in which the lower-mass NS is tidally wrapped around its more massive companion reach similar temperatures, but generally tend to have more mass at lower densities in the disk/torus (Oechslin et al. 2007 ).
There is no unique model/EOS independent mapping T = T (ρ), thus we must explore a variety of possibilities. In Fig. 2 , we contrast our set of temperature parametrizations with a T (ρ) profile obtained from a 1.35 − 1.35 M simulation using the HShen EOS by Sekiguchi et al. (2011) at ∼12 ms after merger. We consider very hot cores at 20, 30, and 40 MeV with cold envelopes (parametrizations c20p0, c30p0, and c40p0) and two parametrizations with very hot cores at 30 MeV and cool envelopes at 10 MeV and 5 MeV, c30p10 and c30p5, respectively. Since low-density regions have shorter neutrino cooling times, the c30p10 and c30p5 parametrization may represent early HMNSs, while the cold-envelope parametrizations c20p0, c30p0, and c40p0 may correspond to late-time HMNSs. Note that the c30p10 parametrization fits the temperature profile from the Sekiguchi et al. (2011) simulation quite well. Details on the functional forms of our parametrizations can be found in Appendix A. For the TOV case we also consider isothermal configurations as a limiting case.
The choice of Y e (ρ, T (ρ)) is equally difficult. Before merger, the NSs are in ν-less β-equilibrium (µ ν = µ e + µ p − µ n = 0). After merger, neutrinos are present. They are trapped in hot dense matter (µ ν = 0) and are streaming away from lowdensity regions. The equilibrium Y e will shift and mixing due to non-linear hydrodynamics in the HMNS phase will distort any initial Y e (ρ, T (ρ)) profile.
We deem the following prescription for Y e to be the physically most sensible: We assume that the NSNS merger occurs so rapidly that the electron fraction Y e of the ν-less β-equilibrium in the NSs becomes the trapped postmerger lepton fraction Y lep = Y e + Y νe − Yν e above ρ trap . Using the β-equilibrium condition with nonzero µ ν , we solve for Y e . At densities below ρ trap we transition to Y e given by ν-less β-equilibrium. Details of this procedure are given in Appendix B. We refer to this parametrization of Y e as ν-full β-equilibrium. In addition and for comparison, we consider choices of constant Y e = 0.1 and Y e set according to ν-less β-equilibrium. We note that our parameterization of Y e is ad hoc and cannot account for mixing and neutrino transport effects in the merger process. The right panel of Fig. 2 depicts Y e (ρ, T (ρ)) as obtained from the simulation of Sekiguchi et al. (2011) contrasted with Y e profiles computed under the assumption of ν-less and ν-full β-equilibrium for various temperature parametrizations and for the T (ρ) as given by the simulation. None of the prescriptions fit the simulation-Y e particularly well, which indicates that mixing and neutrino transport effects are important (but cannot be included here). The Y e obtained using the temperature data from the simulation naturally fits best, in particular at low densities where neutrinos have decoupled from the matter and ν-less β-equilibrium holds.
In the top panels of Fig. 3 , we show the fractional pressure increase due to thermal effects as a function of baryon density for our set of temperature parametrizations for the LS220 EOS (left panel) and the HShen EOS (right panel) as two representative example EOS. We also distinguish between the choices of Y e parametrization. For the parametrizations with cold "mantles" (cXp0), thermal effects are most important at densities near ∼ρ nuc and quickly lose significance at lower and higher densities in both EOS. The thermal pressure enhancement is at most a factor of three (for the HShen) to five (for the LS220 EOS) for these parametrizations. The situation is different for the cases with hot plateaus, c30p10 and c30p5. For these, the thermal pressure is up to 20 times larger at low densities than predicted by the cold EOS. The Y e parametrizations corresponding to ν-full and ν-less β-equilibrium yield qualitatively and quantitatively very similar results for both EOS.
At low densities, the ν-full and ν-less β-equilibrium cases both lead to Y e > 0.1 (cf. Fig. 2) . As a consequence, the pressure in the unrealistic Y e = const. = 0.1, cXp0 parametrizations is lower than in the cold ν-less case at ρ b 10 12.2 g cm −3 . Due to the logarithmic scale of Fig. 3 , the graphs of cXp0 with Y e = 0.1 start only there and the predicted pressure enhancement is higher than in the β-equilibrium cases, which lead to lower Y e above ∼10
12.2 g cm −3 and below ∼ρ nuc . In the cases with hot plateau (c30p10 and c30p5), thermal effects dominate over differences in Y e at low densities. Finally, at ρ > ρ nuc , where temperature effects are smaller, differences in Y e become important. Since the nuclear component dominates there, lower Y e corresponds to higher pressure (e.g., ) and both β-equilibrium cases yield Y e > 0.1.
The lower panels of Fig. 3 depict the relative contribution of the neutrinos to the total (hot) pressure in the HMNS temperature and Y e parametrizations considered in this study. While there are clear temperature (see Eq. 3) and Y e (through µ νe ) dependences, neutrino pressure plays only a minor role, making up at most ∼2% of the total pressure of the LS220 EOS. This is true also for the HShen EOS with the exception of the unrealistic Y e = 0.1 case in which the neutrino pressure contribution grows to 10% of the total pressure at supranuclear densities.
Finally, we note that the temperature and Y e prescriptions discussed here lead to regions that may be unstable to convection if not stabilized by a positive specific angular momentum gradient (e.g., Tassoul 1978) . The spherically and axially symmetric equilibrium models that we construct in this study cannot account for convection and we leave an analysis of convective instability to future work.
Spherically Symmetric Equilibrium Models
We solve the Tolman-Oppenheimer-Volkoff (TOV) equation (e.g., Shapiro & Teukolsky 1983) ,
where r is the areal (circumferential) radius, ρ b is the baryon density, is the specific internal energy, and M g (r) is the gravitational mass enclosed by radius r, determined via
The baryonic mass is larger and given by
We construct the TOV solutions using a standard fourthorder Runge-Kutta integrator on an equidistant grid with δR = 10 2 cm zones. After each integration sub-step, the equation of state P = P(ρ b ) is inverted to obtain ρ b . We use a variety of P(ρ b ) parametrizations: (i) T = const. (isothermal) with ν-full β-equilibrium above ρ trap and ν-less β-equilibrium below, (ii) T = const. with ν-less β-equilibrium, (iii) T = const. with constant Y e = 0.1, and (iv) the phenomenological cXpX temperature parametrizations with ν-full β-equilibrium above ρ trap and ν-less equilibrium below. We compute TOV solutions for all EOS and define the surface of the neutron star as the areal radius at which one of the following two conditions is true: (i) the pressure equals 10 −10 of the central pressure; (ii) the pressure predicted by the integration of Eq. (4) drops below the lowest pressure value available in the equation of state table. The latter is not a limitation, because the high-density TOV configurations considered here have steep density and pressure profiles near their surfaces. The pressure dropping to very small values thus indicates that the surface has been reached.
Besides the EOS, temperature, and Y e prescription, the central baryon density ρ b,c is the only other free parameter. Since we are interested in the maximum mass that can be supported, we compute sequences with varying ρ b,c for each EOS, but limit ourselves to ρ nuc < ρ b,c ≤ ρ max,EOS , where the latter is just the maximum density entry in the respective EOS table. HMNSs with central densities below ρ nuc are not realistic (cf. Sekiguchi et al. 2011) .
We make our TOV solver, all P = P(ρ b ) tables, and the Python scripts used to create the results in this paper available on http://www.stellarcollapse.org.
Axisymmetric Equilibrium Models
We generate axisymmetric equilibrium models using the code originally presented in Cook et al. (1992) (hereafter CST; see also Cook et al. 1994a,b) , which is based on the relativistic self-consistent field method of Komatsu, Eriguchi & Hachisu (1989a) . The axisymmetric equilibrium equations are solved iteratively on a grid in (s, µ), where s is a compactified radial coordinate and µ = cos θ, where θ is the usual spherical polar angle. Additionally, metric functions are solved using Green's functions integrals expanded in terms of N l Legendre polynomials. Consequently, the total numerical resolution is specified via a tuple of (N s , N µ , N l ), which we set to (500, 300, 16). The resolution is chosen so that the resulting integral quantities of the equilibrium solution (e.g., its gravitational mass) are precise to about one part in 10 3 . The surface of the star is defined by an enthalpy contour which is specified in the code by setting a surface energy density. This energy density has a default value of 7.9 g cm −3 , and we have checked that increasing its value by a factor of 10 6 leaves the physical quantities of the solution unchanged to our stated general error level of 10 −3 .
An axisymmetric HMNS equilibrium configuration is constructed by the CST code based on choices of (i) a barotropic EOS, (ii) a rotation law, (iii) the rotation rate, and, (iv) the maximum mass-energy density
2 )] max of the configuration.
In order to keep the size of the parameter space manageable, we restrict rotating configurations to the LS220 and HShen EOS and set up barotropic versions using the temperature and composition parametrizations described in §2.2. Since the EOS obtained with ν-full and ν-less β-equilibrium differ only very mildly (cf. Fig. 3 ), we construct rotating configurations under the simple assumption of ν-less β-equilibrium.
We employ the ' j − const.' rotation law (see, e.g., CST), which is commonly used in the literature for HMNS models (e.g., Baumgarte et al. 2000) . The degree of differential rotation is parametrized byÃ 8 . In the Newtonian limit, this rotation law becomes Ω = Ω c /(1 +Ã 2 ϖ 2 /r 2 e ), where ϖ is the cylindrical radius, r e is the radius of the star at its equator, and Ω c is the central angular velocity. ForÃ = 0, one recovers uniform rotation, while for largeÃ, the specific angular momentum becomes constant (i.e., Ω ∝ ϖ −2 in the Newtonian limit). We explore values ofÃ between 0 and 1. The latter value ofÃ corresponds to roughly a factor of two decrease of the angular velocity from the center to the HMNS surface, which is in the ball park of what is found in merger simulations (e.g., Shibata et al. 2005) . Once the rotation law is fixed, the rotation rate is determined by specifying the axis ratio r p/e , defined as the ratio of the HMNS radius along the pole r p divided by the radius at the equator r e .
The final parameter to be chosen is the maximum energy density of the configuration. For simplicity and consistency with the choice of variables for the TOV solutions discussed in §2.3, we set E max by choosing a maximum baryon density ρ b,max and obtain E(ρ b,max ) from the EOS.
For each choice of EOS, ρ b,max , andÃ, we compute a sequence of models with increasing rotation rate, stepping down from r p/e = 1 (the nonrotating TOV case) until we reach mass shedding or until the code fails to converge to an equilibrium solution. In the case of uniform rotation (Ã = 0) the sequence always ends at mass shedding, the resulting rotating neutron star has spheroidal shape, and the maximum and central density coincide (ρ b,max = ρ c ). Differentially rotating sequences, on the other hand, can bifurcate into two branches: one with ρ b,max = ρ c and spheroidal geometry and one with an off-center location of ρ b,max and quasitoroidal shape. For differentially rotating models, the CST solver generally fails to converge to a solution at r p/e before mass shedding and, therefore, possibly before the maximum mass for a given configuration is reached. This limitation means that the maximum masses we state for differentially rotating models are to be interpreted as lower bounds on the true maximum masses. The code developed by Ansorg et al. (2003) is far more robust than CST for such extreme configurations and these authors have argued that with increasing degree of differential rotation, arbitrarily large masses could be supported in extremely extended tori, but such configurations are unlikely to be astrophysically relevant.
RESULTS: SPHERICALLY SYMMETRIC MODELS
Our main interest is in how temperatures in the range encountered in HMNS of NSNS postmerger simulations change the maximum mass that can be supported. Since baryonic mass is a conserved quantity and can be related to the number of baryons present in the individual NSNS before merger (modulo a small amount of potential ejecta), we treat it as a the most important variable and define the maximum gravitational masses M max g as the gravitational mass at which M max b is maximal. We consider the isothermal TOV solution as a limiting case of maximal thermal support but note that such configurations with T 5 − 8 MeV develop very large, nondegenerate envelopes at the low end of the central baryon densities ρ b,c considered here. With increasing temperature, degeneracy is more and more lifted at those densities and the TOV model approaches an isothermal sphere whose pressure is dominated by relativistic non-degenerate pairs and whose mass and radius become infinite. We discard such solutions.
The results of our TOV calculations are summarized by Fig. 4 for all considered EOS. We provide numerical results in Tab. 1 for fiducial isothermal cold (T = 0.5 MeV) and parametrized temperature choices.
In the top panel of Fig. 4 , we show the maximum gravitational mass (defined as M g at M stays roughly constant at low temperatures, but decreases at high temperatures. This shows that the increase in M max g in the TOV solutions is primarily due to thermal contributions to the total mass-energy density. Since it is the mass-energy density, and not just the baryonic mass, which sources curvature (the relativistic gravitational field), the thermal effects lead to a decrease in M It is interesting to compare our findings with the results of O' Connor & Ott (2011) , who studied black hole formation through protoneutron star collapse in failing core-collapse supernovae. These authors found much larger maximum baryonic and gravitational masses of their protoneutron stars at the onset of collapse than reported here. The collapsing protoneutron stars in their study have moderately-high central temperatures T 40 MeV. However, at ρ ≈ 4 × 10 14 − 10 15 g cm −3 , a region of extremely hot material with T 80 − 100 MeV is present due to compression of multiple M of accreted shockheated material. O'Connor & Ott (2011) demonstrated that this extremely hot region is responsible for the observed thermal enhancement of the maximum protoneutron star mass. In Table 1 Summary of TOV Results for all EOS. Note. -"ν-less" indicates neutrino-less β-equilibrium, which we use only for the "cold" configurations. NSNS mergers the situation is quite different and fully dynamical NSNS merger simulations have not found such extremely hot high-density regions (e.g., Sekiguchi et al. 2011; Oechslin et al. 2007) . It is thus unlikely that the findings of O' Connor & Ott (2011) apply to the merger HMNS case.
RESULTS: AXISYMMETRIC MODELS IN ROTATIONAL EQUILIBRIUM
Uniformly Rotating Configurations
It has been widely recognized that uniform rotation can support a supramassive neutron star against gravitational collapse (see, e.g. Friedman et al. 1986; Friedman & Ipser 1987) . A supramassive neutron star is defined as a stable neutron star with a mass greater than the maximum mass of a TOV star with the same EOS (CST). At a given central density, the mass that may be supported rises with increasing angular velocity until the material on the NS's equator becomes unbound (the mass-shedding limit). This leads to the supramassive limit, a well defined maximum mass for uniformly rotating NSs with a specified EOS.
In Fig. 5 , we plot the baryonic mass M b as a function of maximum baryon density for TOV and uniformly rotating mass-shedding sequences obtained with the LS220 EOS (left panel) and the HShen EOS (right panel). Focusing first on the TOV sequences, one notes that at low central densities (ρ b few × ρ nuc ), M b is significantly increased by thermal effects. This is because the mean densityρ b of such configurations is in the regime in which thermal pressure is of greatest relevance (cf. Fig. 3 ) and can alter the structure of the bulk of the NS. This carries over to the uniformly rotating case. The extended hot configurations reach mass shedding at lower angular velocities than their cold counterparts, but the extended, lowρ b cores of hot configurations receive sufficient rotational support to yield a higher M b . This, however, is the case only for centrally-hot cXp0 configurations. Models with hot envelopes (with parametrizations c30p5 and c30p10) benefit less from rotational support.
With increasing maximum density, the baryonic masses of the TOV models for different temperature parametrizations converge for a given EOS. Near the density at which the maximum mass is reached, the increase in M b in hot configurations has turned into a slight decrease for models computed with the LS220 EOS and has dropped to 5% for the HShen EOS (see also Fig. 4) . The mass-shedding sequences show a more complex behavior with increasing maximum density. As in the TOV case, the mean densityρ b of the NSs increases and less material is experiencing enhanced pressure support due to high temperatures in the cXp0 models. Hence, these models move towards the M max b of the cold supramassive limit (see the inset plots in Fig. 5 ). For both EOS, the M max b of hot configurations are all lower than the cold value. The cXp0 models reach supramassive limits that are within less than 2% of the cold supramassive limit for both EOS. The c30p10 and c30p5 models, on the other hand, have M max b that are ∼5 − 10% lower than the cold supramassive limit for both EOS. Table 2 summarizes key parameters of the hot and cold configurations at the supramassive limit.
The systematics of the supramassive limit with temperature prescription becomes clear when considering Fig. 6 . This figure shows the baryonic mass M b and gravitational mass M g for uniformly rotating NSs as a function of angular velocity Ω for the LS220 and HShen EOS at fixed densities near the maximum of M b (ρ b,max ) (see Table 2 ). At fixed angular velocity below mass shedding, hotter configurations always yield higher M g than their colder counterparts. For the LS220 EOS, as in the TOV case discussed in the previous section 3, hotter configurations have lower M b . In the case of the HShen EOS, which generally yields less compact equilibrium models, the opposite is true, but the increase in M b caused by thermal support is smaller than the increase in M g . The sequences terminate at the mass-shedding limit, which is the point with the maximum angular velocity for a specific temperature prescription. Configurations with higher temperatures and, in particular, the c30p5 and c30p10 models with high-temperature plateaus at low densities, have larger radii than colder models and thus reach the mass-shedding limit at lower angular velocities. Hence, such models have lower maximum masses at the supramassive limit than colder models. Note that hotter models with the LS220 have lower baryonic masses than colder models.
With increasing Ω, the mass-shedding limit is approached and hotter configurations systematically reach the mass shedding limit at lower angular velocities. The reason for this is best illustrated by comparing c30p0 models with c30p10 and c30p5 models, which have a high-temperature plateau at low densities of 10 MeV and 5 MeV, respectively. At low angular velocities, all c30pX models show the same thermal increase in M g . However, the high pressure at low densities in the c30p10 and c30p5 models leads to significantly larger radii compared to the model without temperature plateau. Consequently, as Ω is increased, the configurations with plateau reach the mass-shedding limit at lower Ω. For the LS220 EOS, the c30p10 sequence terminates at ∼8200 rad s −1 , the c30p5 sequence terminates at ∼9200 rad s −1 , while the c30p0 sequence does not terminate before ∼9800 rad s −1 . The HShen model sequences show the same qualitative trends.
Differentially Rotating Configurations
Differential rotation can provide centrifugal support at small radii while allowing a NS configuration to stay below the mass-shedding limit at its equatorial surface. Differentially rotating equilibrium configurations have been shown to support masses well in excess of the supramassive limit (e.g., Ostriker et al. 1966; Baumgarte et al. 2000; Morrison et al. 2004) . Such configurations are referred to as "hypermassive". However, since there is (mathematically speaking) an infinite number of possible differential rotation laws, it is impossible to define a formal "hypermassive limit" for the maximum mass of HMNSs in the way it is possible for uniformly rotating supramassive NSs. Nevertheless, we can study the sys- Note. -Summary of mass-shedding uniformly rotating supramassive neutron star configurations at the maximum mass for each EOS and temperature prescription. These models are in ν-less β-equilibrium (see §2.2). occurs. re is the equatorial radius, r p/e is the axis ratio, Ω is the angular velocity, and T /|W | is the ratio of rotating kinetic energy T to gravitational energy |W |.
tematics of the supported baryonic (and gravitational) masses with variations in the HMNS temperature profile, maximum baryon density, and degree and rate of differential rotation for the rotation law considered in this study, which is not drastically different from what is found in merger simulations (e.g., Shibata et al. 2005 ).
In Fig. 7 , we show the supported baryonic mass M b as a function of maximum baryon density ρ b,max for cold, c20p0, and c40p0 temperature prescriptions, both EOS, and for different choices ofÃ. The curves represent configurations with the minimum r p/e at which an equilibrium solution is found by the CST solver (i.e., the most rapidly spinning setup). Note that the peaks of these curves represent only lower limits on the maximum HMNS mass. In addition, we plot only solutions with ratios T /|W | of rotational kinetic energy T to gravitational energy |W | below 25%, since more rapidly spinning models would be dynamically nonaxisymmetrically unstable (Chandrasekhar 1969; Baiotti et al. 2007 ). It is this limit which defines the rising branch of the M b (ρ b,max ) curve at the lowest densities in Fig. 7 forÃ = 1.0. Note that many of these configurations may still be unstable to secular rotational instabilities or rotational shear instabilities (e.g., Watts et al. 2005; Ott et al. 2007; Corvino et al. 2010 ).
The overall shape of the M b (ρ b,max ) curves in Fig. 7 is qualitatively similar to what is shown in Fig. 1 of Baumgarte et al. (2000) for Γ = 2 polytropes and Fig. 2 of Morrison et al. (2004) for the cold FPS EOS (Friedman & Pandharipande 1981) . The LS220 and HShen EOS yield qualitatively very similar results, but the supported HMNS masses found by the CST solver are, as expected, systematically higher for models with the HShen EOS than for those using the LS220 EOS. One notes, however, interesting variations with temperature prescription. At low ρ b,max , thermal pressure support leads to increased M b and more differentially rotating configurations have higher M b . Sequences withÃ 0.5 show similar systematics with density and temperature prescription as the uniformly spinning ones discussed in §4.1: As the density increases, hot configurations converge towards the cold sequence and reach their maximum M b near and below the maximum of the cold sequence. Models withÃ 0.5, on the other hand, have more steeply rising curves with ρ b,max and are discontinuous (i.e., exhibit a "kink") at their global maxima. At these points quasitoroidal solutions appear. Furthermore, the slope of the curve describing (as a function of ρ b,max ) the axis ratios r p/e at which the solver stops converging discontinuously changes sign. We attribute this behavior, which was also observed by Morrison et al. 2004 , to a bifurcation of the sequence between models, which continue shrinking in axis ratio until they become completely toroidal (r p/e = 0), and less extreme models that stay quasitoroidal or spheroidal . Beyond the "kink" inÃ 0.5 sequences, thermal effects play little role. (2011), all suggest a rule of thumb that the postmerger maximum baryon density of the HMNS is typically not less than ∼80% of the central density of the progenitor NSs. We can derive a rather solid EOS-dependent lower limit on ρ b,max for HMNS remnants from (equal mass) NSNS mergers in the following way: In order to form a HMNS, constituent equal-mass NSs must at the very least have a mass that is 50% of the maximum mass in the cold TOV limit. Hence, the premerger central density must at least be that of a TOV solution with M b = 0.5M max,TOV b . Using the aforementioned empirical result from merger simulations, we arrive at
For the LS220 EOS, . Maximum baryonic mass configurations for sequences of uniformly rotating (Ã = 0) and differentially rotating (Ã = {0.4, 0.5, 1.0}) models with cold, c20p0, and c40p0 temperature parametrizations and the LS220 EOS (left panel) and HShen EOS (right panel). We note that for differentially rotating models these curves represent lower limits on the maximum baryonic mass (i.e., the solver fails to converge at lower axis ratios without reaching the true mass shedding limit). We limit the sequences to models with T /|W | 0.25 and this limit defines the rising part of the graphs forÃ = 1 at low densities. We show the TOV case (thinnest and shortest dash-dotted lines) for comparison. The raggedness of the curves withÃ 0.4 is a consequence of finite resolution in the parameter r p/e that is varied to find the maximum mass at a given ρ b,max . Thermal effects are most pronounced at low densities and for highÃ. For uniform and moderate differential rotation, hotter models have lower global maximum M b than colder models. Fig. 7 , but comparing cold configurations with models with the c30p5 and c30p10 temperature prescriptions, which have a hot plateau at low densities. The overall systematics are the same for the LS220 EOS (left panel) and the HShen EOS (right panel). In the TOV case, M b is thermally enhanced at low densities, but the global maximum of M b of hot configurations is near that of the cold TOV solution. Uniformly and moderately differentially rotating sequences of c30p10 and c30p5 models have systematically smaller maximum masses than cold models throughout the considered density range. Only very differentially rotating models (Ã 0.7;Ã = 1.0 shown here) exhibit a thermal enhancement of the maximum mass at low to intermediate densities. The c30p10 sequence forÃ = 1.0 exhibits a discontinuous jump, which occurs when the sequence transitions from spheroidal to quasitoroidal shape. See text for discussion.
contrasts models c30p5 and c30p10, which have hot plateaus at low densities, with cold models. The qualitative features discussed in the following are identical for both EOS. In the TOV case and at low densities, M b is enhanced primarily by the hot core, since nonrotating solutions are compact and dominated by ρ b 10 14 g cm −3 , where the high-temperature plateaus play no role. At higher densities, the M b curves of hot models converge to near or below the cold TOV maximum M b . The situation is different for uniformly and moderately differentially rotating models (Ã 0.5). Rotation shifts these configurations to lower mean densities and the hot plateaus lead to equatorially bloated solutions. These reach their minimum r p/e for which a solution can be found at lower angular velocities. Hence, centrifugal support is weaker and the configuration with the hottest plateau has the lowest M b,max . The behavior is different at high degrees of differential rotation (Ã = 1). The cold and the c30p5 models are HMNSs and quasitoroidal already at the lowest densities shown in Fig. 8 . The c30p5 sequence has slightly larger M b than the cold sequence. The c30p10 sequence, however, is spheroidal at low ρ b,max and then discontinuously transitions to the quasitoroidal branch, which is marked by a large jump in M b .
In order to illustrate this discontinuous behavior further, we Note. -Summary of the differentially rotating HMNS configurations with the largest baryonic masses for each EOS and temperature prescription. These configurations are obtained in a sequence fromÃ = 0 toÃ = 1 with spacing δÃ = 0.1 and are to be seen as lower bounds on the maximum achievable masses. The sequences considered here exclude dynamically nonaxisymmetrically unstable models with ratio of rotational kinetic energy to gravitational energy T /|W | > 0.25. The quantities listed in the table are the following: ρ b,max is the baryon density at which the maximum baryonic mass M max b occurs, M max g is the gravitational mass at that density, re is the equatorial radius of the configuration, r p/e is its axis ratio,Ã is the differential rotation parameter at which M max b obtains. Ωc is the central angular velocity of the configuration and T /|W | is its ratio of rotational kinetic energy to gravitational energy. We note that the accuracy of the results listed in this table is set by the step size in r p/e , which we set to δr p/e = 0.004. ρ b,max = 9.21 × 10 14 g cm −3
Figure 9. Equatorial radii re vs. central angular velocity Ωc in sequences parametrized by the axis ratio r p/e for models using the LS220 EOS, differential rotation parameterÃ = 1.0, and cold, c30p5, and c30p10 temperature parametrizations. We show curves for three densities, two below the discontinuous jump of the c30p10 curve in Fig. 8 and one above. At the same density, hotter configurations have larger radii and transition to quasitoroidal shape (marked by dots) at higher Ωc. The transition between spheroidal and quasitoroidal shape is discontinuous in ρ b,max for critical models at the minimum r p/e that can be found (shown in Figs. 7 and 8 ), but smooth in r p/e at fixed ρ b,max . The low-density sequences with the c30p10 temperature prescription (10-MeV plateau at low densities; see §2.2) become double valued in Ωc with increasing r p/e , stay spheroidal and have very large re.
plot in Fig. 9 the equatorial radius of equilibrium solutions as a function of central angular velocity atÃ = 1 and for three different fixed ρ b,max . We show curves obtained with the LS220 EOS for the cold, c30p5, and c30p10 temperature prescriptions. The curves are parametrized by decreasing r p/e and terminate at the smallest value at which the solver converges. The three densities are chosen so that the first two are below and the third is above the jump of the c30p10 curve in Fig. 8 . At all ρ b,max , the hot configurations have significantly larger radii than the cold models, but decreasing r p/e leads to increasing Ω c and only modest radius changes for cold and c30p5 models. This is very different for the c30p10 sequence. At ρ b,max = 7.11×10 14 g cm −3 these models do not become qu-asitoroidal and the r e − Ω c mapping becomes double-valued as the decrease in r p/e turns from a decrease of r p at nearly fixed r e and increasing Ω c into a steep increase of r e and a decrease of Ω c . As ρ b,max increases, less material is at low densities where thermal pressure support is strong in the c30p10 models. Consequently, the solutions are more compact and stay so to smaller r p/e . ρ b,max = 8.16 × 10 14 g cm −3 is the critical density at which the very last point in the sequence of decreasing r p/e (the one shown in Fig. 8 ) jumps discontinuously to large r e . At ρ b,max = 9.21 × 10 14 g cm −3 , which is above the critical density for c30p10 in Fig. 8 , the c30p10 models become quasitoroidal as r p/e decreases and Ω c increases. They exhibit the same systematics as the c30p5 and cold models. We note that what we have described for the c30p10 models also occurs for the c30p5 models, although at significantly lower densities ρ b,max 5 × 10 14 g cm −3 and even the cold models show similar trends at low densities.
The sequences shown in Figs. 7 and 8 are extreme configurations in the sense that models with smaller r p/e cannot be found by the CST solver and may not exist for the rotation law that we consider here. Real HMNS may not by such critical rotators. In Fig. 10 , we plot M b and M g for the LS220 EOS as a function of central angular velocity Ω c and temperature prescription. We fix the degree of differential rotation tõ A = 1 and show sequences in Ω c for a fixed maximum density ρ b,max = 9.21×10 14 g cm −3 , which is the highest density shown in Fig. 9 . The transition to quasitoroidal shape is smooth and quasitoroidal configurations are marked with symbols. The end points of the M b curves shown in Fig. 10 and in Fig. 9 correspond to the M b values of theÃ = 1 curves in Figs. 7 and 8 at 9.21 × 10 14 g cm −3 . Fig. 10 shows that, as in the case of uniform rotation (cf. Fig. 6 ), hotter subcritically differentially spinning configurations have higher M g . At the density chosen for this plot, they also have higher M b , but at the higher densities at which the masses of uniformly spinning models peak, the M b of hotter configurations are smaller than those of colder ones. It is particularly remarkable that the models with the hot plateau at low densities show the greatest thermal enhancement. They also transition to a quasitoroidal shape last but terminate the earliest in Ω c . Nevertheless, for the ρ b,max chosen here, they can support slightly more mass at critical rotation than their counterparts without low-density temperature plateau.
DISCUSSION AND COMPARISON WITH 3D NSNS SIMULATIONS 5.1. The Stability of HMNS Equilibrium Sequences
The existence of a maximum mass for equilibrium sequences of nonrotating (TOV) neutron stars is one of the most important astrophysical consequences of general relativity and, hence, is well known in the study of compact objects. The parameter space of hot differentially rotating HMNS models studied here is vast and complex. In the following, we briefly review the classical results on the stability of stationary neutron stars and formulate how one may reason regarding the stability of HMNS equilibrium models.
A particular useful approach to the stability problem is the turning-point method of Sorkin (1982) . The turning-point method allows one to reason about the stability of sequences of equilibrium solutions solely by examining the parameter space of equilibrium models without dynamical simulations or linear perturbation analysis. The turning-point method has been used extensively in previous work on the stability of cold and uniformly rotating neutron stars (e.g., CST, Friedman et al. 1988; Stergioulas & Friedman 1995; Read et al. 2009 ).
An equilibrium sequence is a one dimensional slice from the space of equilibrium models indexed by some parameter. Here we use ρ b,max as our sequence parameter. A model in the space of equilibrium models may be defined by the following conserved quantities: the gravitational mass M g , baryonic mass M b , total angular momentum J, and total entropy S. Generally, as one changes the sequence parameter, ρ b,max , the quantities (M g , M b , J, S) will vary. A turning point in the sequence occurs when 3 out of 4 of the derivatives d/dρ b,max of (M g , M b ,J, S) vanish. For this point in ρ b,max , the turning point theorem shows (i) that the derivative of the fourth quantity in the tuple also vanishes, and (ii) that the sequence must have transitioned from stable to unstable (Sorkin 1982 and Kaplan 2014) . This characterization of the space of equilibrium models relies on the assumption that the change in M g depends to first order only on the total changes in baryonic mass M b , angular momentum J, and entropy S, and not on changes to their higher moments. That is, changes in the distribution of entropy, baryonic mass and angular momentum. In nature, this will generally not be the case, since cooling and angular momentum redistribution will change the entropy and angular momentum distributions, respectively. However, these changes will be slow and not drastic so that changes to the total energy due to changes in these higher order moments will be small. We account for such changes approximately by considering different degrees of differential rotation and a range of temperature prescriptions in the following.
If we are considering the special case of zero-temperature configurations, then the entropy S is no longer relevant to the equilibrium's stability, since the change to the configuration's energy due to a change in entropy is also zero. In this case, a turning point may be identified when two out of three of the set d/dρ b,max (M g , M b , J) are zero. Zero temperature is a very good approximation for our cold equilibrium models. In Fig. 11 , we plot M g along constant M b sequences with M b = 2.9M for the HShen EOS (M b = 2.9M corresponds to M b of a HMNS formed from two NSs of M g = 1.35M , assuming no mass loss). All of these curves have a minimum located at ρ b,max 1 × 10 15 g cm −3 .
For the cold sequences, these minima are turning points because dM g /dρ b,max and dM b /dρ b,max are both zero. Any models along those curves at densities in excess of ρ b,max at the minima are secularly unstable to collapse. For the hot temperature parametrizations 10 , the minima are only approximations to the turning point (which we shall call approximate turning points) because only two out of four (dM g /dρ b,max and dM b /dρ b,max ) of the derivatives of (M g , M b , J, S) are zero. We argue that these approximate turning points are good indicators of the onset of instability for the equilibrium sequences for several reasons. (i) We find that the approximate turning points for all considered temperature parametrizations and measures of differential rotation (Ã = 0 toÃ = 1.1 with spacing δÃ = 0.1) lie within the same ∼ 25% range in ρ b,max indicated by the blue lines in Fig. 11 (similarly within a ∼ 25% range 10 We show only the c40p0 and cold temperature parametrizations in 
The study of such models shows that the actual turning point density is within only ∼ 1% of the approximate turning point density (where dM g /dρ b,max = 0 along the mass-shed sequence; cf. Fig. 10 of Stergioulas & Friedman 1995) . (iii) The turning-point condition is a sufficient, but not necessary, criterion for secular instability. Thus instability must set in at ρ b,max greater than the turning-point ρ b,max , but may set in already at lower densities (see, e.g., Takami et al. 2011 for an example). It is thus conservative to use the approximate turning point located at the highest ρ b,max over all sequences for a given EOS as an upper bound for the maximum stable ρ b,max of HMNS models for that EOS.
Further to the above, we have verified (see Sec. 9.1 of Kaplan 2014) that the same density ranges contain approximate turning points when examining alternate pairs of conserved variables: both J and M b , and J and M g (in contrast to Fig. 11 , where we examine M b and M g ). This gives us confidence that the method of approximate turning points is self consistent with respect to choice of the vanishing derivatives. Unfortunately, since the CST code employs only barytropic EOSs, we lack the infrastructure necessary to study the total entropy of the configurations, and note that an examination of total entropy of these models is an important goal for future work.
The Secular Evolution of HMNS from Mergers
A HMNS remnant resulting from the merger of two NSs that does not promptly collapse into a black hole will settle into a quasiequilibrium state. More precisely, this is a state in which the HMNS is no longer in dynamical evolution, measured, for example, by oscillations in the HMNS maximum density. This should occur several dynamical times after merger. From this point on, the HMNS will evolve secularly along some sequence of equilibrium models. A secular evolution is, by definition, a dissipative process that may involve energy loss 11 from the system. Consequently, we may parametrize the secular evolution of the HMNS towards a turning point via the change in its total mass-energy, which, in our case, is the change in gravitational mass of the equilibrium model. This occurs in HMNSs via neutrino cooling and the emission of gravitational radiation. In addition, the rotational energy of the HMNS may be reduced by angular momentum redistribution via the MRI, provided this occurs sufficiently slowly to be characterized as as secular process. This can lead to a build up of magnetic field, or dissipation of the free energy of differential rotation as heat (see, e.g., Thompson et al. 2005 for a detailed discussion), which may lead to increased neutrino cooling. Furthermore, specific angular momentum transported to the HMNS surface may unbind surface material, leading to a decrease in J and M b . These changes of M b and J may be significant, but cannot be taken into account by the approximate description of the HMNS's evolution we are considering here. Our results should thus be interpreted with these limitations in mind.
A secularly evolving HMNS will, in general, evolve in the 11 The trapped lepton number is, of course, also changing, since the fluxes of νe andνe will at least initially not be symmetric. However the effect of the trapped lepton fraction on stability is minimal, since electron degeneracy pressure is present only at high densities where it is much smaller than the baryon pressure in hot HMNSs that lose energy to neutrino emission (see Fig. 1 ). direction of decreasing gravitational mass M g while (at least approximately) conserving its total baryonic mass M b . This results in an increasing density and compactness of the star. Figure 11 shows, for a fixed temperature prescription and differential rotation parameter, that the gravitational mass M g of a sequence with fixed baryonic mass M b = 2.9 M (using the HShen EOS; we find qualitatively the same for the LS220) is decreasing with increasing density. This continues until, M g reaches a minimum at an approximate turning point for ρ b,max 1 × 10 15 g cm −3 . Here, δM g = 0, and δM b vanishes by our choice of a constant M b sequence.
The curves in Fig. 11 are shown for constant differential rotation parameterÃ. However, a HMNS of M b = 2.9M is not necessarily constrained to a specific curve. One would expect the HMNS to evolve to neighboring curves of less extreme differential rotation (decreasingÃ), in accordance with its loss of angular momentum due to gravitational waves and its redistribution of angular momentum due to other secular processes. Nevertheless, consider the limit in which the HMNS is constrained to a curve of constantÃ. Then it would evolve secularly until reaching the curve's minimum. At this point, any further energy loss implies that the HMNS must either (a) secularly evolve to a nearby equilibrium sequence with lower temperature or lower degree of differential rotation and higher density (another curve on the plot) or (b) undergo collapse to a black hole. Note that the densities at which the minimum occurs for differentÃ and temperatures are remarkably close to each other. For the sequences using the HShen EOS shown in Fig. 11 , the approximate turning points lie in the range 1.05 × 10 15 g cm −3 < ρ b,max < 1.30 × 10 15 g cm −3 for all consideredÃ and both shown temperature prescriptions. The constant-M b curves for other temperature parametrizations (c20p0, c30p0, c30p5, c30p10) are all located in-between the curves for the c40p0 and cold cases shown. Thus, we expect that the point of collapse for a HMNS will be marked by its evolution to this density regime regardless of the temperature distribution of the model.
From the above findings, we conclude that thermal effects have little influence on the stability of HMNSs in rotational equilibrium against gravitational collapse. However, our results do imply that thermal support will affect at what density the HMNS first settles to its quasiequilibrium state. The discussion in §4.2 and, in particular, Fig. 10 , illustrates that at subcritical rotation rates and densities significantly below those of the approximate turning points, models with hot temperature profiles have a larger M b compared to models with cooler temperatures at the same ρ b,max . Thus a HMNS with greater thermal support will reach a quasiequilibrium at a lower ρ b,max , and thus have more energy to lose before it can evolve to the critical density regime for collapse.
While thermal effects may be important in setting the initial conditions for the secular evolution of a HMNS, they appear to be of little consequence to the stability of a HMNS in quasiequilibrium. Once in a quasiequilibrium state, the energy lost by a HMNS during its secular evolution is the most robust indicator for its progress towards instability and collapse. Fig. 11 shows that this is true regardless of the degree of differential rotation of the HMNS. For a fixed temperature parametrization, the difference in M g between different degrees of differential rotation is at most ∼0.005 M , corresponding to 10% of the total energy lost during the HMNS's secular evolution. Figure 11 . Gravitational mass Mg as a function of maximum baryon density ρ b,max for models with M b = 2.9M . Each curve is for a fixed degree of differential rotationÃ, with the axis ratios r p/e chosen such that M b = 2.9M . Symbols mark equilibrium solutions at the minimum r p/e for which a solution can be found for M b = 2.9 M and a givenÃ (i.e., the solver fails to converge when searching for a M b = 2.9M mass model at densities outside the bounds of the symbols). The local minima of these curves are approximate turning points of the sequences. For the cold (c40p0) models, we have noted the range in Mg and ρ b,max across models with different amounts of differential rotation with dashed (solid) blue lines. Consequently, ρ b,max = 1.30 × 10 15 g cm −3 represents the upper limit for the baryon density of a stable HMNS with the HShen EOS. Note also that the difference in Mg of the approximate turning points between sequences with the same temperature prescription is only ∼ 0.005M Sekiguchi et al. (2011) conducted simulations of NSNS mergers using the HShen EOS and included neutrino cooling via an approximate leakage scheme. They considered three equal-mass binaries with component NS gravitational (baryonic) masses of 1.35M (1.45M ), 1.50M (1.64M ), 1.60M (1.77M ) denoted as L, M, and H, respectively. The HMNS formed from their high-mass binary collapses to a black hole within 9 ms of merger. The low-mass and the intermediate-mass binaries, however, form hot (T ∼ 5 − 30 MeV) spheroidal quasiequilibrium HMNSs that remain stable for at least 25 ms, the duration of their postmerger simulations. Sekiguchi et al. (2011) argue that thermal pressure support could increase the maximum mass of HMNSs with T 20 MeV by 20 − 30%. The results that we lay out in §3 and §4 of our study suggest that it is not straightforward to disentangle centrifugal and thermal effects for differentially rotating HMNS. Our findings show that critically spinning configurations (i.e., configurations at which the maximum M b is obtained for a givenÃ) of hot models do not lead to an increase in the maximum supported baryonic mass by more than a few percent and in most cases predict a lower maximum mass than in the cold case. We find it more useful to consider the results of Sekiguchi et al. (2011) in the context of the evolutionary scenario outlined in §5.2.
Comparison with NSNS Merger Simulations
In Fig. 12 , we plot M b as a function of ρ b,max for select sequences of uniformly and differentially rotating models obtained with the HShen EOS with the cold and c40p0 temperature prescriptions. We also mark the immediate postmerger densities of the L, M, and H models of Sekiguchi et al. (2011) and their evolutionary tracks (in ρ b,max ). The high-mass model H never settles into a quasiequilibrium and collapses to a black hole during the dynamical early postmerger phase. Its ρ b,max evolves within ∼9 ms from 0.58 × 10 15 g cm −3 to values beyond the range of the plot. Our secular-evolution approach cannot be applied to this model since it never reaches a quasiequilibrium state. The lower-mass M and L models enter Fig. 12 at successively lower densities. Their "ring-down" oscillations are damped by ∼9 ms after which the HMNSs evolve secularly with ρ b,max that increase roughly at the same rate in both models, suggesting that their rate of energy loss is comparable. At such early times, gravitational waves are most likely dominating energy loss (cf. the discussion of timescales in Paschalidis et al. 2012) , and, indeed, model M and L exhibit similar gravitational wave amplitudes and frequencies (Sekiguchi et al. 2011, Fig. 4 ). Focusing on model L, we now consider Fig. 11 , which shows sequences of constant M b (for model L with M b ∼ 2.9 M ). As the HMNS loses energy, M g decreases and the HMNS evolves to the right (towards higher ρ b,max ). Model L enters its secular evolution at a central density of ∼0.56 × 10 15 g cm −3 and evolves secularly to ∼0.68 × 10 15 g cm −3 within ∼16 ms. Largely independent of its specific angular momentum distribution and thermal structure, Fig. 11 suggests that this model will reach its global minimum M g and, thus, instability in a small density range of ∼ 1.05 − 1.30 × 10 15 g cm −3 .
Using our approximate secular evolution model for HMNSs discussed in §5.2, we linearly extrapolate the density evolution of model L in Sekiguchi et al. (2011) . We expect a possible onset of collapse at t 58 ms after merger (and 49 ms after the start of the secular evolution). These numbers should be regarded as very rough estimates, given the limitations and rather qualitative nature of our model. Depending on its angular momentum when entering its secular evolution, its cooling rate, angular momentum redistribution and loss, model L may alternatively evolve into a long-term stable supramassive neutron star, since a baryonic mass of ∼2.9 M can in principle be supported by the HShen EOS at the supramassive limit (cf. Table 2 ). Furthermore, we have also checked that model L of Sekiguchi et al. (2011) contains sufficient angular momentum to be represented by the sequences identified in Figs. 11 and 12. At a time of ∼10 − 15 ms after merger, model L has an angular momentum of 6 × 10 49 g cm 2 s −1 ( 6.8 in c = G = M units). Plots of similar sequences can be found in Kaplan (2014) . They are consistent with this value.
The role of thermal pressure effects in all of the above is relatively minor (cf. the very similar ρ b,max locations of the M g minima in hot and cold configurations shown in Fig. 11 ). However, when first entering the secular regime as a subcritical HMNS, a configuration with higher temperature and stronger thermal pressure support will be less compact and will have a lower ρ b,max at a fixed M b than a colder one. Hence, in the picture of secular HMNS evolution discussed in §5.2, such a configuration would have to evolve "farther" in ρ b,max to reach criticality and, thus, can survive longer at fixed energy loss rates. Paschalidis et al. (2012) performed NSNS merger simulations of Γ = 2 polytropes in which they approximated a thermal pressure component with a Γ = 2 Γ-law. Their postmerger HMNS enters its secular evolution in a quasitoroidal configuration with two high-density, low-entropy cores, a cen- Sekiguchi et al. (2011) . We show the evolution of maximum density of the HMNS for the low, medium and high mass configurations (thick lines L, M and H) starting from the premerger density (noted by circles), and ending at the simulation termination densities (squares, or, in the H configuration, an arrow indicating collapse to a black hole). After ∼9 ms (noted with diamonds), the L and M models show negligible dynamical oscillations and have settled to a quasiequilibrium state. From there until the end of the simulation, the L and M HMNS are evolving secularly (indicated by thick dotted lines). We note that given the limitations of our approach discussed in the main text, the evolutionary tracks of constant baryonic mass shown in this figure should not be considered quantitatively reliable.
tral, lower-density, hot region and a high-entropy low-density envelope. The total mass of their model can be arbitrarily rescaled, but in order to estimate temperatures and thermal pressure contributions, the authors scaled their HMNS remnant to a gravitational mass of 2.69 M . With this, they estimated in their quasitoroidal HMNS peak and rms temperatures of ∼20 MeV and ∼5 MeV, respectively. Paschalidis et al. (2012) studied the effect of neutrino cooling on the HMNS evolution by introducing an ad-hoc cooling function that removes energy proportional to the thermal internal energy (neglecting the stiff temperature dependence of neutrino cooling). In order to capture effects of cooling during the limited simulated physical postmerger time, they drained energy from their HMNS at rates ∼100 − 200 times higher than realistic cooling by neutrinos.
The authors considered cases without cooling and with two different accelerated cooling timescales. As cooling is turned on in their simulations, the slope of the maximum baryon density ρ b,max (t) of the HMNS increases discontinuously and the higher the cooling rate, the faster the evolution to higher ρ b,max (t). The HMNSs in both cases with cooling become unstable at different times, but roughly at the same ρ b,max . This is consistent with the secular HMNS evolution picture laid out in §5.2. Cooling reduces the total energy of the system (M g ) and drives the HMNS to higher ρ b,max at fixed M b until the (approximate) turning point is reached and collapse ensues. However, losses due to gravitational wave emission and angular momentum redistribution and shedding will have the same effect and may dominate in nature, since they are likely to operate more rapidly than neutrino cooling (cf. the discussion of timescales by Paschalidis et al. 2012 ). Bauswein et al. (2010) carried out smoothed-particle hydrodynamics simulations of HMNSs in the conformal-flatness approximation to general relativity. They compared simulations using the full temperature dependence of the HShen and LS180 EOS 12 with an approximate treatment of thermal pressure via a Γ-law, P th = (Γ th − 1) th ρ b . Although Bauswein et al. (2010) do not provide a figure showing the evolution of maximum baryon density, they show (in their Fig. 5 ) graphs of cumulative mass as a function of distance from the center of the LS180-EOS HMNS at 8 ms after merger, roughly the time when the dynamical early postmerger phase is over and the secular HMNS evolution begins. From this, it may be observed that the HMNS with the lower thermal Γ (Γ th = 1.5) is more compact than the model with Γ th = 2. The HMNS evolved with the fully temperature-dependent LS180 EOS is in between the two, but closer to the Γ th = 2 model. Bauswein et al. (2010) found that the more compact HMNS with Γ th = 1.5 collapses after 10 ms, while the less compact Γ th = 2.0 and full-LS180 cases collapse after ∼20 ms. This is consistent with the picture of secular HMNS evolution drawn in §5.2: Given a fixed number of baryons, a less compact configuration has a lower maximum baryon density after merger and, therefore, begins its secular evolution (in the sense of Figs. 11 and 12) at a lower density than a more compact configuration. Consequently, it must lose more energy before reaching the critical density for collapse.
The above illustrates how thermal pressure effects may increase the lifetime of a HMNS by affecting the initial conditions for its secular evolution. From §4 one notes that hot configurations, at densities below 10 15 g cm −3 (the exact value being EOS dependent), may support significantly larger masses than their cold counterparts at the same ρ b,max . Thus, during the dynamical settle-down of two merging neutron stars to a secularly-evolving HMNS remnant, a configuration with lower thermal pressure will need to evolve to higher ρ b,max to reach an equilibrium configuration.
SUMMARY AND CONCLUSIONS
The merger of double neutron stars with component masses in the most commonly observed mass range (∼1.3 − 1.4 M ; Lattimer 2012) is most likely to result in a hot, differentially spinning hypermassive neutron star (HMNS) remnant that is stable against collapse on a dynamical timescale, but likely secularly evolving towards instability, driven by energy loss. While a number of merger simulations in approximate or full general-relativity with the necessary microphysics are now available, the role of thermal pressure support on the postmerger HMNS and its stability is not well understood.
In this study, we have attempted to gain insight into the role of thermal pressure support by constructing nonrotating, uniformly rotating and differentially rotating axisymmetric equilibrium solutions with multiple microphysical, fully temperature and composition dependent equations of state (EOS) and parametrized temperature distributions motivated by results from full merger simulations. Such axisymmetric equilibrium models may be acceptable approximations to merger remnants that have survived the initial highly dynamical and strongly nonaxisymmetric postmerger evolution and have settled down into longer-term stable quasiequilibrium. How far away the equilibrium configurations really are from real HMNSs, and the reliability of our results, will ultimately have to be established by more detailed comparisons with merger simulations in future work.
In the secular postmerger phase, the baryonic mass M b of the hypermassive merger remnant is approximately conserved. Thus the dependence of the maximum of M b on temperature is the most interesting quantity to study. In spherical symmetry (the TOV case), we find that at densities significantly lower than the density at which the maximum mass configuration occurs, thermal enhancement of the NS mass can be strong. Generally, hotter configurations yield the same M b at lower central densities than their colder counterparts. However, when considering compact maximum-M b configurations, thermal effects are small. For reasonable temperature prescriptions, hot temperatures lead to a small ( 1%) decrease of M max b for five out of the seven EOS that we consider. The two other EOS, the HShen EOS and the GShen-FSU2.1 EOS, show up to ∼2% thermal enhancement of M b . As expected, none of the considered EOS could support a remnant of the merger of a canonical double NS system with typical masses.
Rapidly uniformly spinning configurations can support supramassive NSs. We have studied uniformly spinning sequences generated with the LS220 and HShen EOS. As in the TOV case, we find significant thermal enhancement of M b at low central densities and rotation rates up to mass shedding. At high densities, however, thermal pressure is much less important for the support of the inner NS core, but bloats the envelope. This results in hotter configurations reaching mass shedding at lower angular velocities than colder configurations. Hence, at the mass-shedding supramassive limit, M b and M g decrease with increasing temperature for uniformly spinning NSs. For the LS220 EOS (HShen EOS), the cold supramassive M b limit is ∼2.823 M (∼3.046 M ). Under the plausible assumption that the HMNS merger remnant evolves towards a uniformly rotating configuration, assuming no mass loss during or after merger, the cold supramassive limit corresponds to component gravitational masses in an equal-mass progenitor binary of M g ∼ 1.287 M (M g ∼ 1.403 M ). On the other hand, a supramassive LS220 (HShen) NS with a 30-MeV core and a 10-MeV envelope has a supramassive limit M b ∼ 2.587 M (M b ∼ 2.808 M ), which corresponds to binary component M g ∼ 1.185 M (M b ∼ 1.300 M ). Hence, cold maximally uniformly rotating configurations of LS220 and HShen NSs may barely support the merger remnant of canonical double NS binaries, but hot ones might not.
Differential rotation adds yet another layer of complexity, but is the most interesting scenario, since hypermassive merger remnants are born with differential rotation. The notion of a maximum mass of a differentially rotating HMNS is somewhat misleading, since different rotation laws will give different masses and different solvers may converge to different branches in the solution space. Hence, all "maximum" masses quoted are lower limits. For the commonly used j − const. rotation-law, parametrized by the dimensionless parameterÃ, we find M b up to ∼ 3.65 M and ∼ 4.10 M , for the LS220 EOS and the HShen EOS, respectively. These high-mass configurations generally occur at densities that are up to a factor of two lower than those of maximum-M b TOV and uniformly rotating models. Even higher masses could be found, but such configurations would be dynamically nonaxisymmetrically unstable.
Our results indicate that the role of thermal effects depends very much on the degree of differential rotation in addition to maximum density and (central) angular velocity. All qualitative findings are identical for the LS220 EOS and the HShen EOS. For critically rotating models (with minimum axis ratio r p/e for which a solution is found) the dependence on differential rotation is as follows: (i) For a low degree of differential rotation (Ã 0.4), the same systematics as found for the uniformly rotating case hold. (ii) In models with intermediate degree of differential rotation (Ã ∼ 0.5 − 0.7), hot configurations have systematically lower "maximum" M b than colder ones. (iii) Models with high degree of differential rotation (Ã 0.7) are mostly quasitoroidal and the "maximum" M b occurs at low densities ( 5 × 10 14 g cm −3 ) and is mildly enhanced by thermal pressure support for models with hot cores, but cold envelopes. Models with high-temperature envelopes remain spheroidal until higher densities and have lower "maximum" M b . The situation is yet different for differentially rotating configurations that are rotating rapidly, but subcritically. For example, for LS220 EOS configurations withÃ = 1, models with thermally supported envelopes have the highest M b at subcritical rotation, but their sequences terminate at lower angular velocities (higher r p/e ) than the cold configuration, which ultimately catches up in M b at critical rotation.
To summarize all of the above: The forecast is mixedthe role of thermal effects on the baryonic mass that is supported by a given configuration depends sensitively and in a complicated way on its details, that is, central/mean baryon density, temperature distribution, degree of differential rotation and rotation rate, to name the most important parameters. Configurations that yield "maximum" M b are essentially unaffected by thermal effects. Beyond that, no simple general statements can be made.
A more useful way to reason about the role of thermal pressure support is to consider evolutionary sequences of equilibrium models representing the secular quasiequilibrium evolution of a HMNS. This evolution occurs along tracks of approximately constant baryonic mass M b parametrized by maximum baryon density ρ b,max . Since energy is lost by gravitational wave and neutrino emission, a configuration always evolves into the direction of decreasing total energy (i.e. decreasing gravitational mass M g and increasing ρ b,max ). The turning point theorem (Sorkin 1982; Friedman & Stergioulas 2013) says that an extremum in M g may mark the point at which the sequence becomes secularly unstable to collapse. While this can be proven rigorously only for uniformly rotating (or nonrotating) configurations, we conjecture that it also holds at least approximately for the much more complex HMNS case. Provided this is true, we can define approximate turning points using constant-M b sequences with different degrees of differential rotation and temperature parametrizations. With this, we find that the approximate turning points for a given M b always lie in narrow ranges of ρ b,max and M g , which define the M g −ρ b,max space in which collapse to a black hole occurs. Furthermore, the approximate turning point density at which collapse must set in depends only very weakly on temperature. Finally, we note that all approximate turning points found in this work are at baryon densities below the cricial value for stable TOV stars. This may suggest that HMNS with maximum densities at or higher than the critical TOV central density could always be unstable to collapse. This possibility should be investigated further in future work.
Under the assumptions of the model laid out in this paper, the secular evolution of a HMNS can then be described by the progressive decrease of its gravitational mass M g and increase of its maximum density ρ b,max . Our results show that a HMNS with more thermal pressure support will enter its secular evolution at a higher M g and lower ρ b,max than a colder one (with the same rotational setup). Hence, the hot HMNS will have to evolve further in ρ b,max until reaching its approximate turning point. This explains the effects of thermal pressure observed in merger simulations (e.g., Bauswein et al. 2010; Sekiguchi et al. 2011) . We note that the same argument may also be applied to differences in HMNS spin: a more rapidly spinning HMNS will enter its secular evolution at lower ρ b,max and higher total energy and, hence, will have to evolve further in ρ b,max to reach its approximate turning point.
The goal of the work presented in this paper was to elucidate the role of thermal pressure support in hypermassive NSNS merger remnants on the basis of stationary spherically symmetric and axisymmetric equilibrium solutions of the Einstein-Euler equations. While yielding new insights, our present approach is limited in multiple ways: (i) Even in the secular quasiequilibrium evolution phase, HMNS are not exactly axisymmetric. The CST solver used in this study does not support nonaxisymmetric configurations, which makes it impossible for us to test how sensitive our results are to symmetry assumptions. (ii) The equilibrium sequences considered here rely on an ad-hoc rotation law and ad-hoc temperature and composition parametrizations motivated by the simulations of Sekiguchi et al. (2011) . In general, the angular velocity distribution will be more complex (see, e.g., Galeazzi et al. 2012 ) and the temperature and composition of a HMNS will not be single-parameter functions of density. (iii) The CST solver has difficulties converging for configurations with a high degree of differential rotation and it is not clear if the terminating axis ratio r p/e is set by the formulation and implementation of the equations by the CST solver or if the termination occurs for physical reasons. This could be checked only by a comparison study with a more robust solver, e.g., the one of Ansorg et al. (2003) . (iv) The approximate turning point theorem that we have used to reason about the evolution and stability of HMNSs is heuristic and lacks rigorous foundation. Fully reliable statements about the stability of differentially rotating HMNSs with complex temperature and compositional distributions will require at least perturbative stability analysis or direct non-linear simulation.
Future work should address the above limitations (i-iv) and should also consider rotating configurations constructed with a broader set of finite-temperature microphysical equations of state. Note. -Parameters used for the temperature parametrizations used in this study. The notation is c<core temperature>p<plateau temperature>. All low-density temperature plateaus are tapered off at densities below ∼10 12 g cm −3 with a tanh function with a midpoint at log 10 (ρ b [g cm −3 ]) = 11.5 and an e-folding width of log 10 (ρ b [g cm where m is the roll-off midpoint, s is the roll-off scale, and T p is the plateau temperature. Writing this out more explicitly, we have:
T (ρ b ; T max , T min , T p , m, s) = T min + T p 2 tanh log 10 (ρ b ) − 11.5 0.25
Table 4 summarizes the parameters for generating the temperature prescriptions used in this study.
SOLVING FOR THE ELECTRON FRACTION
For a given EOS and temperature prescription, we find the electron fraction Y e by first solving for Y e assuming neutrino-less β-equilibrium for the cold case (T = 0.01 MeV or the lowest temperature point available in the EOS table), using the condition We then take Y lep and solve for Y e in the hot case with neutrinos by treating the latter as a relativistic Fermi gas in equilibrium for which Y ν can be calculated from the neutrino number density n ν = n νe − nν e via
The neutrino number density is
where η ν = µ ν /(k B T ) is the neutrino degeneracy parameter (Bludman & van Riper 1978) . Note that in equilibrium, ν e andν e have equal and opposite chemical potentials. F 2 is a Fermi integral given by 
In practice, we use
which is given in Bludman & van Riper (1978) and is exact for any degeneracy parameter η.
We find Y e by finding the root 0 = Y lep − (Y e +Y ν ) .
Y lep is a fixed input. We set Y e = Y lep as an initial guess and Y ν is calculated using Eqs. (B2), (B3), and (B5), with µ ν = µ n + µ p − µ e obtained from the EOS. Y e is then adjusted and we iterate until convergence.
Since neutrinos begin to stream freely below ρ trap , we also compute Y e using the ν-less β-equilibrium condition (Eq. B1). We then compute a final effective Y e using 
